COMPLEX MULTIPLICATION, GRIFFITHS-YUKAWA 
COUPLINGS, AND RIGIDITY FOR FAMILIES OF 
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ECKART VIEHWEG AND KANG ZUO 

Abstract. Let Md,n be the moduli stack of hypersurfaces X C P" of de- 
gree d > n + 1, and let -MH^ be the sub-stack, parameterizing hypersurfaces 
obtained as a d fold cyclic covering of P"~i ramified over a hypersurface of 
degree d. Iterating this construction, one obtains M^j^n- 

We show that is rigid in A4d,n, although for d < 2n the Griffiths- 

Yukawa coupling degenerates. However, for all d > n + 1 the sub-stack 

(2) 

■^dn deforms. 

We calculate the exact length of the Griffiths- Yukawa coupling over 
■M^^li^, and we construct a 4-dimensional family of quintic hypersurfaces 
g : Z ^ T in P^, and a dense set of points t in T, such that g^^{t) has 
complex multiplication. 



Introduction 

Let A4d,n denote the moduli stack of hypersurfaces of degree c? > 2 in the 
complex projective space P", and let M^ ^ be the corresponding coarse moduli 
scheme. Hence Aid,n{'^) classifies for n > 1 pairs {X, C) with X a nonsingular 
manifold of dimension n — 1, and with C a very ample invertible sheaf with 
h^{X,C) =72-1-1. We will frequently write instead of C 

A morphism S M^^n factors through the moduli stack A4d,n if it is induced 
by some pair (/ : A" — S", £) G J^d,n{S). Then B}f^C is zero for z > 0, and 
locally free of rank n -|- 1, for n > 1 and i = 0. Moreover X is embedded over 
S in P(/^,£). We call {f : X ^ S,C) E M.d,n{S) a universal family, whenever 
the induced morphism S Md^n is dominant and generically finite (and if 
(/ : — i> S", £) is normalized, as defined in ll.2|) . 

It is the aim of this article, to study certain sub-moduli stacks J^^dli ^d,m 
for d>n+l. Roughly speaking, starting from a family 

{f:X^S,C)(^Md,n-l{S) 

one can construct a new family in M.d,n{S) by taking a cyclic covering of 
degree d of the projective bundle P(/*£), totally ramified over the divisor X 
and nowhere else (see Section |2)). The moduli stack of such families will be 
denoted by J^^dli- Repeating this process v times, starting of course with 
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families in J^d,n-u{S) one obtains the families in A4^l{S). The corresponding 

coarse moduli scheme will be denoted by M^'^^. 

Given {f : X S, C) & ■Md,n{S) consider the variation of polarized Hodge 
structures R^'^ f*Qx, or the corresponding Higgs bundle (called system of 
Hodge bundles by Simpson) 

p+q=n—l p+q=n—l 

where E^''' = i?''/^,^^^^ and where the Higgs field 

is given by the cup product with the Kodaira Spencer map (see for ex- 
ample), i.e. by the edge morphisms of the wedge products of the tautological 
exact sequence 

^\:,s — 0. 

The i-th iterated cup product with the Kodaira Spencer map defines a mor- 
phism 

Q^ . ^0,n-l ^[V^ ^l,n-2 ^ 

For i = n — 1 one obtains a coupling 

which for families of hypersurfaces has been studied by Carlson, Green and 
Griffiths (see 0). For families of Calabi-Yau manifolds, the importance of this 
coupling was brought up by physicists and they studied it in detail. We will 
call it the Yukawa coupling, if the fibres are Calabi-Yau manifolds, and the 
Griffiths- Yukawa coupling in general. We define its length to be 

g(/) = Min{z > 1; = 0} - 1. 

We will write ^(A^^*^^) instead of ^(/), if the family is universal, hence if the 
induced morphism S — > Mj^"^ is dominant and generically finite. 

Theorem 0.1 (Section |21 and [7j). For n > 3 and d > n + 1 consider the 
sub-moduli stacks 

Then 

(a) ^(A<£) = n - £ /or £ = n - [f ] + 1, . . . , n - 1. 

(b) c,[Mf^^)=n-^-lfor^ = l,...,n-[^. 

Remark that for ^ = 1 Theorem l( ) . 1 1 implies that '^(Al^^^) = ri — 2, if and only 
if 2n > d. In particular, for families of Calabi-Yau hypersurfaces belonging to 
A^i+i ni the Yukawa coupling is always zero. 

For families of canonically polarized manifolds, or for families of minimal 
models of Kodaira dimension zero, the maximality of q{f) implies rigidity, i.e. 
that for dim(S') > and dim(T) > there can not exist a generically finite 
morphism from S x T to the corresponding moduli scheme, which is induced 
by a family. We will say shortly, that S is rigid in the moduli stack or, if 
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(/ : A" — > S, £) is a universal family for a sub-moduli stack A4 of A4d,n, that 
is rigid in J^d,n- 

The observation that the maximality of the length of the Griffiths- Yukawa 
coupling implies rigidity has implicitly been used in |22]; Proof of 6.4 and 6.5, 
and it was stated explicitly in the survey [23j, Section 8. A similar result has 
been shown by S. Kovacs and, for families of Calabi-Yau manifolds, by K-F. 
Liu, A. Todorov, S.-T. Yau and the second named author in |16j . 

Together with Theorem 10. II it implies that A^^^^ is rigid in A4d,n for d > 2n. 
As we will see in Section |3] the same holds true for n + 1 < d < 2n, although 
<n-l. 

Theorem 0.2. A universal family g : Z S for M.^^^ is rigid. 

As well known fsee for n > 4 or for n = 3 and > 5 all deformations 
of a hypersurface in P" are again hypersurfaces in P", hence the rigidity in 
Theorem 10.21 is independent from the polarization chosen for g : Z ^ S. 

Let us remark, that the rigidity of families also follow from a strong positivity 
property of the sheaf of logarithmic differential forms on compactifications of 
J^d,n- To be more precise, let F be a projective manifold and S d Y the 
complement of a normal crossing divisor F. Assume that for some (d, n) and 
for all generically finite morphisms S — >■ M^ ^, factoring through the moduli 
stack, the sheaf f2y(logF) is big (see [221; Definition 1.1). Then all families 
/ : — > S", as above, are rigid. By P the moduli stack M3 3 has this property. 
However, as we will see, this no longer holds true for n > 3 and d>n + l. 

Theorem 0.3. Assume that for n > 3, for d>n + l, and for some u < n — 1 
the morphism Sp —>■ M^l^ is generically finite and induced by a family. Then 
there exists a {d — 3) -dimensional manifold T , and for r = [|] a generically 
finite morphism x T^^ — >■ „ which is induced by a family. 

(2) 

In particular, the moduli stack A^^^.^ always deforms in a non-trivial way in 

Md,n- 

As pointed out by S.-T. Yau, the sub-moduli stack AiH has been studied 

before by S. Ferrara and J. Louis in jT2]. There it is shown, that M^^l has a 

natural structure of a ball quotient (see Remark [8. 7|) . and that q{A4^!^) < 2. 
As a byproduct of the calculation of variations of Hodge structures for fam- 

{'2') im t -I 

ilies in Ad]^^ (Section [71 see also [12], Section 3) we show that for a universal 

(3) 

family g : Z ^ S in M.^ ;^ the set of CM-points is dense in S, i.e. the set of 
points s G 5 where the fibre g~^{s) has complex multiplication (see Section 
[HI). Together with Theorem 10.31 this will imply that the Zariski closure of the 
set of CM-points contains a 4-dimensional subvariety M. 

Theorem 0.4. There exists infinitely many quintic threefolds with complex 
multiplication. More precisely, there exists a finite and rigid map 

M5,i X M5,i — ^ M5,4 

with image M , such that the CM-points are dense in M . 

The arguments used in the proof of 10.41 do not extend to the case n > 5 and 
d = n + 1. They are related to the ones used by B. van Geemen and E. Izadi 
in PSl- In particular in quintic surfaces with complex multiplication are 
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studied in Section 6. 

This note grew out of discussions started when the first named author visited 
the Institute of Mathematical Science and the Department of Mathematics at 
the Chinese University of Hong Kong. His contributions to the present version 
were written during two visits to the I.H.E.S., Bures sur Yvette. He would like 
to thank the members of those three Institutes for their hospitality. 

Shing-Tung Yau, drew our attention to the the work of S. Ferrara and 
J. Louis ^2); an article he was studying to understand similar questions. Bert 
van Geemen found an error in the first version of Section |H1 and he pointed 
out the relation between our Sections [7| and |S1 the Sections 3 and 6 of 13j. We 
both would like to thank them, and Helene Esnault for their interest and help. 

1. Moduli of Hypersurfaces and the Jacobian ring 

Let us recall some well known vanishing theorems for sheaves of (logarithmic) 
differential forms on P". 

Lemma 1.1. Let F be a non-singular hypersurface in P" of degree d. 

(a) /79(P", ® Ov^{v)) = for 

i. q = 0, and v < p. 

ii. < g and > 0. 

iii. q < n and u < 0. 

iv. q = n, and v > p ~ n. 
\. p ^ q, and z/ = 0. 

(b) H'i{W^,%^{\ogF) ® Opn(z/)) = for 

i. p + q < n, and u < 0. 

ii. p + q > n, and v > —d. 

Proof, a) In |T^, 7.3.9, for example, one finds a proof for i) and for ii). Then 
Serre duality implies iii) and iv), and v) is obvious. 

b, i) is a very special and known case of ^Jj, 6.4., and ii) follows again by 
Serre duality. □ 

Consider for n > 1 and d > n + 1 a family {f : X ^ S, C) E M.d,n{S) of 
hypersurfaces in P" of degree d. The polarization £ on A" is only determined 
up to ®f*B for invertible sheaves B on 5*. For d = n + 1 the sheaf ujx is trivial, 
and for d > n + 1 it is equivalent to So for d > n + 1 the moduli stack 

Aid,n is finite over the moduli stack of canonically polarized manifolds. 

Notation 1.2. We will call {f : X ^ S,C) ^ Md,n{S) normalized, if 

Cp(/./:)('^) = C'p(/,£)('^), 

and we will write S = f^C If 7V1 is a sub-moduli stack with coarse moduli 
scheme M we call (/ : A" — S*, £) a universal family for if it is normalized, 
and if the induced morphism S* ^ M is dominant and generically finite. Often 
we will not mention the polarization, and just write (/ : A" ^ S*) G A^d_„(5'). 

Replacing S by some finite covering, one can always choose L such that the 
family is normalized. 

Lemma 1.3. Assume that d > n > A or that n = 3 and d > 5. For 
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and for any family f : X ^ S' with F = f ^(s) there exists a neighborhood S 
of s and an invertible sheaf C with C\p = <ind with {X,C) G A4d,niS). 

Proof. The infinitesimal deformations of F C P" are given by H^{F,Of{F)), 
wliereas tliose of F are classified by H^{F,Tp). Using the exact sequence 

— >Tf — > Tpu\f — > Of{F) — ^ 

it is sufficient to show that H^{F.,Tf>u\p) = 0. Since 

this follows from the exact sequence 

> Tf-n ( — d) ^ Tf-n ^ Tf>n. | p > , 

and II. 11 a) for 2 < n and d ^ n + and for d = n + 1 provided 2 ^ n—1. □ 

Notations 1.4. We will also consider the moduli stack M.d,i of families of d 
disjoint points in P^. So J^d,i{S) consists of a P^ bundle V{£) with a subvariety 
X C P(£') etale and finite over S of degree d. Again, the family is normalized 
if C»p(£)(A') = Op(^)(d). 

Let us recall next the construction and properties of the Jacobian ring of 
the hypersurface F, mainly due to Carlson, Green and Griffiths. We follow 
the presentation given in [Tl] . 

One starts with the commutative diagram of exact sequences 



1 i 

n+l 

> ^]J>„ > 0Cpn(-i) > Cp„ > 

i 1 h 

> fi^„(logF) > Vf{-1) > Cpn > 

Of Of, 

where the upper horizontal sequence is the tautological one, and where Vi?(— 1) 
is defined by push out. The second horizontal sequence in splits, and as 
explained in [T3j, Chapter 2 and Proposition 3.7, one obtains an exact sequence 

n+l 

— , Op„(-F) — > 0Cpn(-l) — . ^]^„(logF) — > 0, (1.2) 
and its dual 

n+l 

> n'^-\\OgF) ® Opn(n + l-d) ^ 0Cpn(l) > Opn(rf) — > 

Let us write for simphcity fip„(logF)(— /i) instead of f2p„(logF) ® Op7i (—//), 
and Hi{J^) = i75(P",J^). 

As in jT^I, Appendix B, one obtains a quasi- isomorphism between 

n';-P{\ogF){-{p+l)d + n+l) 
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and the wedge product complex 

("p^) n+l 

> Opn(p(l -d)) > > 0Cpn(l -d)^ Opn. (1.3) 

Recall that the Jacobian ideal is defined as 

n+l 

= Im{0i7°(Opn(/i + l-d))^ H\OMfi))}, 

and i?^ = if°(P"', (9pn(/i))/J^. The multiplication on polynomials defines a 
multiplication x ^ Rfi+u, obviously surjective for /x, z/ > 0. For cr = 
(n + l)(d-2) 

a 

is a graded ring, called the Jacobian ring. Macaulay's theorem says: 

R„ = C and ® — > R^ (1.4) 

is a perfect pairing (see IHl). For a real number a, we will denote the integral 
part by [a] and the roundup by '"a"' = — [— a]- 

Lemma 1.5. 

(a) For 11 > p{d — 1) — n and r < p the cohomology of the complex 



H\OMf^ + p{l - d))) H'iOMf^ + (p _ i)(i - d))) 

n+l 

' 0if°(Opn(;X +l-d))—^ H\Opn{fi)) — ^ 



at H^{Opn(jj, + r(l — c?))) zs isomorphic to 

ffP-^(fi;j-P(logF)(/i + n + l- c/(p+l))). 

(b) For —d < fi + n + 1 — d{p + 1) < 0, hence for 

+ n + d^ 
d 

one finds 

R^ ~ HP {n;-" {log F){fi + n + l-d{p+ 1))). 

(c) Writing Tp„{— log F) = A^Tpn(— logF), one has 

Rm ^ H\Q'^-\logF){n+l - d)) = iJ^(Tp^„(- logF)). 

(d) For V = d the multiplication R^ x Rd ^ Rfx+d in R» corresponds under 
the isomorphisms in h) and c) to the cup-product 

H^i^ll-" {log F){ii + n + l~d{p+ 1))) ® H\T^4- logF)) 

— ^ HP+\n';:P-\logF){{^ + d)+n + l-d{p + 2))). 
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Proof. iJ'^(f2p,7^(logF)(/i + n + 1 — d{p + 1))) is isomorphic to the g-th hyper- 
cohomology of the complex p.Hj) . For all i < p one has fi + i{l — d) > —n. 
By Hm iii) and iv), the second spectral sequence of the hypercohomology of 
p.3|) degenerates, and one obtains IT31 a). Part b) and c) are special cases of 
a). The compatibility of the multiplication and the cup-product in d) follows 
from an easy local calculation (see fl4j). □ 

Remark 1.6. For p = r iJ-+n+i-d -i ^^.^^^ — c? = p(i — 5. If d does not 

divide /i + n + 1 one finds < 6 < d. Obviously for a = {n + l){d — 2) 

a — fi + n + 1 — d = nd — fi — n — l = nd — pd — {d — 6). 

The Macaulay duality ~ Ra-n is the Serre duality 

i7P(fi;„-^(logF)(-5)) ~ if"-P(n?„(logF)(5 - d)). 

If 5 = 0, hence /i = (p + — n — 1, one finds 

- fi + n + 1- d^ 

' ; — n — 1 — p. 

d 

In this case one should identify with the primitive cohomology of F 

HP{Q;:^{iogF)) = i7^'(^]r'"")pnm, 
and the Macaulay duality becomes 

H^iytp )prim — H ^(^^)prim- 

Remark 1.7. Lemma b), also allows to calculate the dimension of i?^. 
Let us just remark, that for /i < — 1 one has R^ = H^lOfnlfi)), whereas 

dim{Rd-i) = dim{H\Opn{i2))) - dim(Jd_i) = dim(i7°(Opn(/i))) -n-1. 

In particular, for fi = 1, . . . ,d — 1 the dimension of R^ is strictly increasing. 

Lemma 1.8. Assume that d > n + 1 and that i < n — 1. Then there is an 
inclusion Ri^ — > H^{F,Tp), and for i < n — 1 both are equal, except possibly 
for d = n + 1 and n = 2i + 1. 

Proof. One has 

H\F,T'p) = H\F,ny'~' ®u;]^'), 
and that the residue map gives exact sequences 

H'in'^-'in + l-d))—^ H\ni-\\ogF){n + 1 - rf)) — ^ 

H\F, ny'-^ ® cu^i) — > H^+\n'^-\n + l-d)). (L5) 

By 11.11 for i < n — 1 and for d > n + 1 the left hand side in ()1.5|) vanishes. 
For d = n + 1 the map 

is surjective. 

For i < n — 1 and d > n + 1 the right hand side of ()1.5|) vanishes as well, 
whereas for d = n + 1 one needs the additional condition i + 1 n — i. □ 

The following elementary calculations will be crucial for estimating the 
length of the Griffiths- Yukawa coupling. 

Lemma 1.9. Assume that d> n + 1. 
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(a) The product map 

is non-trivial if and only if < fi < 2d — 2{n + 1). 

(b) The product map 

Rfi ® S'^{Rd) ^ R,_i+nd 

is zero for all ^ > if and only if d < 2{n + 1) . 

(c) Let V be a subspace of Rd, and let 

^{V C Rd, f^) = <^{V, fj.) 

denote the largest integer v for which the product map 

R^ ® S\V) — ^ R^^,d 

is non-zero (orO if this map is always zero). If^^iV, d — n — 1) < n — 1 
then 

<^ = ^{V,0) = ■ ■ ■ = <^{V,2{d - n - 1)) 
and q > q{V,2{d - n - 1) + 1) > ■ ■ ■ > q{V, a) = 0. 

Proof. In a) and b) we know, that the product maps are surjective. Hence a) 
follows, since R^^(^n+i)d = 0, if and only if a > + (n + l)d. 

For b) remark that 2{n-\-l) > c? is equivalent to nd > a. Hence there exists 
some /i > with R^+nd 7^ if and only if < 2(r;, + 1). 

Consider for /i and p > the commutative diagram 

Rp®R^,(^S''{V) ^ Rp®Rt,+ud 

(1.6) 

Rfi+p ® S'^iy) y Rfj.+vd+p- 

Since a is surjective, one finds 

?(V^,/i) >?(y,/i + p) for p>0. (1.7) 
The multiplication map 

R^®V® S'^iV) — ^ i?^ ® 5^+i(V) — ^ R^+.d+d 
factors through the composite 

Rp(S)V(g) S'iV) —^Rp(»Rd(^ S'iV) Rd+^ ® S'iV) — ^ R^+m, 
hence 

^{V,fi)-l<^{V,fi + d). (1.8) 

For ^ = <^(y,0), the image of i?o ® S'^{V) = S%V) in R^d is non zero. By 
the Macaulay duality the map Ra-^d ® W — > R^ is surjective, and p.6|) for 
/i = 0, z/ = <^ and p = a — i,d implies that <j(V, a — <;d) > Together with ()1.7|) 
one finds that <; = <j(V, /i) for p = 0, . . . , cr — <j(i. 

By assumption ^(V, d — n — l)<n — 1, hence (|1.8|) implies that 

? < ?(V, rf) + 1 < ?(V, - n - 1) + 1 < n - 1, 

anda-^rf>(T-(n-l)rf>2(rf-n-l). □ 
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2. Cyclic coverings 

Let W he a. projective manifold, let J\f be an invertible sheaf, and let a be 
a section of Af'^ whose zero divisor D has normal crossings. As in |ir] one has 
a normal cyclic covering given by 

d-i . „ 



Z = Spec(0Ar« ) with U^') =U\-[-^]). (2.1) 

Here [^-^] = denotes the integral part of the Q-divisor We will call 

Z the variety, obtained by taking the d-ih root out of a (or D). li 6 : Z' ^ W 
is a desingularization of Z, such that 5*D is a normal crossing divisor, then by 
mi, 3.22, one has 

i?^5.r]|,(log(5*Z^)) = |j?-(l°g^)®®t"-^'^"^ 5 = (2.2) 

^ ^ ^ [ for 6 > 0. ^ ^ 

In terms of function fields, Z is the normalization of W in the Kummer exten- 
sion 

where ci(A/') stands for a Cartier divisor given by a meromorphic section of A/" 
and where ^ denotes a function / G C(Vr) with divisor A — B. 

Consider for t > the bundle vr, : = V{Ow © A^') ^ W^- 

For t = (i there are three natural maps 

id©a:C >0®M^, id©0:C > O ® M\ 

and © id : AT*^ — ^ O © W^, 

inducing sections So-, sq and Soo of -Kd '■ W, respectively. We will write 

E, = s,(W) for the image. 

The divisors Eoo and E^r do not meet, whereas Eq fl E^r is isomorphic to the 
zero divisor D of ex. Remark that Eq + E^^ is a normal crossing divisor if D is 
non-singular. One has 

Op,(E.) = Op.iEo) = a,(l), and Op,(^oo) = Op,(l) ® vr^"''- 
The map 

7r*(OvK © AT^) — ^ 5''(7r*(Oi^ © AT)) — ^ Op,(d) 

defines a morphism : Pi ^ P^^ of degree ci, which is the cyclic covering 
obtained by taking the d-th root out of {d — 1)Eq + E^o or, using the notation 
introduced above, it is the Kummer covering defined by 



{d-l)Eo + E^ J E^ + d ■ ciiTT*Af) 



rf-ci(a,(rf)©7r*Ar-'^) V Eo 

If D is reduced, hence J\f^^^ = J\f^, for i = . . . , d — 1, one finds 

Z = fi~\E^) cFi. 

Assume that {f : X ^ S, C) E AAd,n{S) is a normalized family of hyper- 
surfaces. For the locally free sheaf S = f^{C) on S we choose W to be the 
total space of the P^-bundle p : F{S) S, and Af = Cp(£-)(1). The divisor 
D = X given by a section a of Cp(£:)((i), and taking the c?-th root one obtains 
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the cyclic covering Z ^ ¥{S) of degree d. As explained above, Z is embedded 
in Pi. 
The map 

7rlp*{Os ®£)—^ TrKOFis) © Op(£)(l)) — ^ 0^,(1) 

defines a morphism rj : Fi ^ IP(C^5 © which contracts to the section of 
F{Os(BS) given by 0©id : £^ ^ Os®S, and which is an embedding elsewhere. 

In particular, rj defines an embedding of Z into the P^+^-bundle F{Os (BS). 
Since 

p,7ri,(Op,(l)U) = © 0^£){1)) = Os®S 

this embedding is defined by the relative sections of Op^(l)|2- Altogether one 
obtains 

Lemma 2.1. Let [f : X S,C) E M.d,n{S) be a normalized family of hy- 
persurfaces, let £ = /*£ and let ni : Z ^ F{S) be the covering obtained by 
taking the d-th root out of X . Then g = p o m : Z ^ S with the polarization 
7ri((9p(£:)(l)) is again a normalized family, embedded in ¥{Os(BS) . The section 
ofF{Os © S), given by OQ)id : S Os © S, is disjoint from Z. Blowing it up 
one obtains an embedding of Z in the bundle Pi = P((9p(£:) © (9p(£:)(l)). 

Lemma 12.11 allows to iterate the construction of cyclic coverings. Starting 
with a normalized family 

{f:Zo = X^S,C)eM,,XS), 
and writing S = f^C we obtain new families 

{g^ : Z^ S,K) e Md,n+u{S), 
by taking successively the ci-th root out of Z^_i C P((9|"^~^ © S). 

Notation 2.2. We will call {g^ : Z^ — > S,Af„) G Md,n+u{S) the family 
obtained as the z/-th iterated d fold covering of 

{f:Zo = X^S,C)eMd,n{S)- 
Again, we will often write {gi, : Z^ ^ S) E M.d,n+u{,S). 

Let the moduli stack of families of hypersurfaces of degree d in 

P"'"'"'', obtained in this way, and let M^^^^ be the image of M.'^^^j^^ in the coarse 
moduli scheme Md^n+u- 

Lemma 2.3. The morphism Md^n ^lil+v ^■^ quasi-finite. 

Proof. Let X C P" be a smooth hypersurface of degree d and let tti : Zi — P" 
be the cyclic covering obtained by taking the c?-th root out of X. 

The infinitesimal deformations of Zi are given by i7^(Zi,T^J, whereas the 
ones of the pair (P",X) are given by i/i(P", Tpn(- logX)). Since Tpn(- log X) 
is a direct factor of tti^Tzi (see ^3], 3.1) the natural map 

<^ : iJi(P",Tpn(-logX)) — . H\Z,,Tz,) 

is injective. Bj^H\Zi,Tz,) contains ifi(P", Tpn(- logX)) and by con- 
struction the image of ip lies in this subspace. Repeating this argument, one 
obtains an injection 

H\F^,Tpr.{-logX)) H''{Z,,TzJ. 

In particular the fibres of Md^n M^j^j^^ are zero-dimensional. □ 
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Lemma 11.91 allows to give the first estimates for the length q{g) of the 
Griffiths- Yukawa coupling for universal families for Ai^^l^. 

Lemma 2.4. Let f : X ^ S be a universal family for A4d,n, and let for 
z/ G {1, . . . , (i — 77. — 1} 

{gy : Z^—> S) e Md,n+u 

be the family obtained as the u-th iterated d fold covering of f : X S. 

(i) <;{f)=n-l. 

(ii) ^(^fi) = n- l,forn + l<d< 2{n + 1). 

(iii) '^{gi) = n for d > 2{n + 1). 

(iv) Assume for some 1 < u < d — n one has ^{gy) < n — 1 + v . Then 
^{9v) = ^{gy+i)- 

Proof. Let us write @ R^!^^ for the Jacobian ring of the general fibre of 

Qy '■ Zy ^ S ■ 

The tangent vectors to S* in s are given by Rd = if^(P"', Tpn(— logX)) and 
i) follows from 11.91 a), for n = d — n — 1. 

As we have seen in the proof of 12.31 -R^ is contained in 

hence by induction also in 

= /7i(P"+''-\Tp„+.-i(-logZ,_i)) C H\Z,^,,Tz^_^). 
The Galois action for the covering Z,^ —>■ P"+^"i induces a decomposition 

d-l 

H'^'P{Z^) = H'^'P{F''+^-^) © H'>'P{Z^)i 

1=1 

in eigenspaces, and the action of Rd = Tpn(— logX)) respects the de- 

composition. 

For i one has (see JT], for example) 

H'^'^iZ,), = ff^'(P"+^-\(]^„+._,(logF)(-^)), 
and bv 11.51 b), for jj = d{p + 1) — i — n — u, hence for p = r iJ-+n+y-d -i^ 
q = n + u — 1 one finds H'^'''\Zp)i = ■ One finds 

d-i 

m^{Z^) = if'^.^(P"+-i) © (2.3) 

i=l 

The cup-product with Rd C //^(P"^'^^^ Tpn+i.-i(— log Z^^i)) is trivial on the 
first factor, and it is induced by the multiplication with Rd C R^d~^^ 
others. 

Let us consider first the case v = 1 and d — n — 1 > 1. Bv II. 9[ a), the 
multiplication R^<S)S"'~^{Rd) — *■ R(n-i)d+fi is nonzero for /i = 0, . . . , 2((i— ra— 1), 
hence for at least one of the R^, occurring in the decomposition (|2.3|) . Also, 
R^ ® S"'{Rd) — > Rnd+^i is zero whenever d divides fi + n + 1, hence for all R^ 
not in ()2.3|) . Then ii) and iii), follow directly from 11.91 a) and b). 

Assume now, that for some c? — ra — l>z/>0 one has <i{gy) < n — 1 + v. 
For = as a subspace of R^d \ using the notation introduced in II. 9t c), 
one finds 

<^ = q{V C d-n-l) = ^{g^) <n-l + iy = dim(Z^). 
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Hence the assumptions made in 11.91 c), hold true, for instead of M,, and 

is non zero for /i = 0, . . . , 2{d — n — 1 — u), hence at least for one of the i?^ 
occurring in the decomposition ()2.3|) . On the other hand 

is always zero. This implies that '^{gu+i) = ^, as claimed in iv). □ 

Lemma 12.41 allows to proof the second part of Theorem lU.ll 
Corollary 2.5. For n + 1 < d < 2n, and for < £ < n — [|] one has 

Proof. Remark that a universal family g£ : S for A^^^^ is obtained as the 

i-th iterated ci-fold covering of f : X ^ S E -Mdj, for [^] < j = n — i < n. 
This implies that 2{j + 1) > d, and replacing in Lemma [2.41 iii) and iv), n by 
j and one finds <i{gi) = ■ ■ ■ = <;{grf) = j — I, for = 1, . . . ,d — j — 1. The 
condition d > n + 1 implies that d — j — l>n — j = i. □ 

3. Product subvarieties of the moduli stack 

Proposition 3.1. Let f : Xq S = Si x ■ ■ ■ x Sm be a smooth family of 
polarized m-folds with general fibre F, such that dim Si > 1, for i = 1, . . . ,m, 
and such that the induced map from Si x ■ ■ ■ x Sm to the moduli space is 
generically finite. Then dim Si < h^{F, u'^p), for i = 1, . . . , m. 

In particular, if f : Xq Si x ■ ■ ■ x Sm is a smooth family of Calabi- Yau 
m-folds dim 5*1 = ■ ■ ■ = dim 5*^ = 1- 

Remark that by [221; Corollary 6.4, there can not exist families over products 
with more than m components. 

Proof of \3.1\ Let Yi be a non-singular projective compactification of Si with 
Ti = Yi\Si a. normal crossing divisor. Choose any extension 

f -.X —^Y = YiX---xYm 

oi Xq S with X projective manifold, and with /\ = X\Xq a. normal crossing 
divisor. By construction, F = F \ 5 is a normal crossing divisor, as well. 
As in Section 4, consider the sheaves 



F^^'' = R''f\{n^^jy{\og/\)®u-)y), p + q 



m 



with the Higgs (or Kodaira-Spencer) maps 

They induce the g-th iterated Kodaira-Spencer map 

= Tm-,+i,,-i o ■ • ■ o r™,o : F^'' = Oy F™-''-'' ® 5«(fi^(logr)). 



By jzz]. Proof of Corollary 6.4, Y can only be the product of m = dimF non 
trivial factors if the m-th iterated Kodaira-Spencer map r*" 7^ 0. One obtains 
an injection 

Oy R^f*UJ-]Y ® ^™(l^y(logr)). 
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hence, writing pi for the projection to the i-th factor, a non trivial map 

5>^^]^^(log^l)®■■■®5^■'"J9;^]}.^(log^J. (3.1) 

ilH \-jm=m 

By [22j the sheaf f*uj'^/Y (or ample with respect to some dense open 

subset), hence the image /C of (yj is big, as well. Since the restriction of each 
of the direct factors in ()3.H) to the general fibre of one of the projections is 
trivial, except the one for ji = ■ ■ ■ = jm = 1? the map factors through a 
non-trivial map 

For i = 1, . . . ,m, the restriction of the latter to a general fibre of the z-th 
projection gives a non-trivial map 

and the composite with the projection to one of the direct factors must be 
non-trivial. Since /*i^|'/y|K, is again big, Bogomolov's lemma implies that this 
projection is surjective on some open dense subset. In particular, 

rank(fi^^,(logr,)) < rank(/,cu^/^|K,.) = h''{F,ul). 

□ 

The bound in 13. II is far from being optimal. In fact, one could hope that one 
has the following injectivity of wedge products of tangent spaces. 

Conjecture 3.2. Let f : ^ S = Si ^ ■ ■ ■ ^ Sn = S he a. smooth family of 
polarized manifolds with general fibre F, such that dim > 1, for i = 1, . . . , 
and such that the induced map from S*! x ■ ■ ■ x 5"^ to the moduli space is 
generically finite. Then for all 1 < < £ the composition 

is injective. In particular 

dim(S,J dim(S,J </i'=(F,T|) 

l<n<---<jfc<^ 

for a general fibre F of f and for = A^T,. 

Note that over a local bases one can easily find examples, where for k > 
the above wedge product map is not injective. 

If the general fibre of / is a Calabi-Yau m-fold, or more generally a m- 
dimensional manifold of Kodaira dimension zero, then the conjecture follows 
from 13. ll for k = i = m. In fact, as we have seen in the proof of 13. II the m-th 
iterated Kodaira-Spencer map has to be non-trivial, and its image must lie in 

Ptfi^^(iogri) ® ■ ■ ■^pinl.jiogTj. 

So the map in 13.21 is non trivial, and bv 13. II it is injective. 

We will give below an affirmative answer to 13.21 for families of Calabi-Yau 
manifolds, and for families of hypersurfaces in P" of degree larger than or equal 
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to n + 1. 

Let V be an irreducible polarized complex variation of Hodge structures over 
the product of quasi-projective manifolds Si x ■ ■ ■ x Si, and let 

Pi : Si X ■ ■ ■ X Se — > Si 

denote the projections. 

Proposition 3.3. There exist polarized complex variation of Hodge structures 
Vj on Si, 1 < i < i, and a Hodge isometry V ~ pl{Yi) ■ • • ® ^^(V^). 

Proof. We have to consider the case i = 2. The general case follows by induc- 
tion. Let p : 7ri(S'i) x 7ri(S'2) — > G1„(C) denote the underlying representation 
of the fundamental group. Let Gi and G2 be the Zariski closure of the image 
of the representations 

p:ni{Si)x{e2}—^G\n{C), and p : {d} x 711(^2) ^ G1„(C), 

respectively. By |7J Gi and G2 are semi simple algebraic groups. By construc- 
tion p factors through the natural representation of Gi x G2 in G1„,(C), 

niiSi) X ni{S2) Gl„( 

(n,T2) 

Gi X G2. 

By Schur's Lemma the representation 7 can be decomposed as tensor product 
of representations 7 = 71 (S> 72 with 

71:6-1— ^G1„,(C), and 72:G'2 — G1„,(C). 

In this way one obtains a decomposition p = pi® P2 with 

pi : 7ri(S'i) — ^G1„,(C), and p2 : vri(S'2) — ^ G\n^{C). 

Claim 3.4. The local systems Vi and V2, given by pi and p2, respectively, 
are underlying polarized complex variations of Hodge structures. 

Proof. By [7j, p. 9, the local system given by the restriction of p to 7ri(S'i) x 
{62} decomposes as a direct sum of irreducibles polarized complex variation of 
Hodge structures. Each of them corresponds to an irreducible representation 
fp over C. Since 

= P|7ri(5i)x{e2} = X^P^ 
j 

one finds p' = pi for all j. In particular, Vi admits a polarized complex varia- 
tion of Hodge structures. □ 

By Claim 13.41 and by the functoriality of polarized complex variation of 
Hodge structures, Vi ® V2 is a local system, underlying a polarized complex 
variation of Hodge structures. Note that p = pi P2 is irreducible over C. By 
j7], Prop. 1.13, (or by Lemma 4.1, in the projective case) a C-irreducible 
local system admits at most one polarized complex variation of Hodge struc- 
tures. Hence the original polarized complex variation of Hodge structures on 
V coincides with the one coming from the tensor product Vi (8> V2. □ 

Proposition 3.5. f : X S = Si x ■ ■ ■ x Se be a smooth family of minimal 
m-folds, such that the induced map from Si x ■ ■ ■ x Sg to the corresponding 
moduli space is generically finite. 
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(a) If the fibres off are Calahi-Yau m-folds (or more generally, ifQ^^g is 
the pullback of an invertible sheaf on S), the composition 



l<il<---<ik<i 

is injective for 1 < k < i. In particular, 

J2 dim(5,J dim(5,J < h'{F,Tl^) = h\F,n"'-'). 

l<il<---<iu<t 

(b) Assume that f : X S = Si x ■ ■ ■ x is a smooth normalized family 
of hypersurfaces in P" of degree d> n + 1. Then the natural maps 

pl(Tsj0---0pl{Ts^J^ 

l<il<---<ik<£ 

R'^p,{n;^^)^s{\ogX)in + 1 - rf)) ® det{S)-' R'f.T^./s 
are both injective for all 1 < k < i. In particular, 

dim(5,J dim(5ij < 

l<il<---<ik<i 

/i^(P", Q^-\logF){-{d -{n + 1))) < h\F,T^). 
Proof, a) Consider the polarized Q-variation of Hodge structures 

V = R^fMx/s. 

By assumption, the rank of is one, and there exists an irreducible direct 

factor V of V whose system of Hodge bundles contains f^^Vf^jg. Then V is a 
polarized complex variation of Hodge structures with the Hodge decomposition 

EP'^ 

p+q=m 

with i?"^'" = f*^^ig- The Kodaira-Spencer map, injective by assumption, 
factors through 

By Proposition 13.31 one finds a decomposition of polarized complex variations 
of Hodge structures 

Let us write the Hodge bundles of Vj for i = 1, . . . , £ as 

Fr. 

p+q=mi 

Comparing the Hodge bundles in the tensor product decomposition one finds 

(g) = i?'"'", and 

k i 
l<«i<---<ife<^ j=l j=k+l 
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Here we write {!,...,£} as the disjoint union of {^i, . . . , ik} and {ik+i, ■ ■ ■ , U}- 
Then 

rankF™^'° = . . . = rankF^"^^'" = 1 and 
V rankP'"'^"^'^ rankF"'"'="^'^ < rankE'^-'^'^ 

l<ii<--<ifc<£ 

The injectivity of the Kodaira-Spencer map imphes that F'"''"^^Ts^ —>■ 
is injective for 1 < i < i, hence that 

is injective, as well. One obtains f3. 51 a). 

b) Consider as in 12.11 for X C F{S) the d fold cyclic cover of F{S) obtained 
by taking the d-th root out of A" C F{S). It gives rise to a family g : Z ^ S 
of hypersurfaces in F{Os © £) of degree d. The Galois action on Z induces a 
decomposition of R"'g^{Cz) into eigenspaces 

d-i 

i=0 

For ^ 7^ 0, each factor is a polarized complex variation of Hodge structures, 
with system of Hodge bundles 

Observe that for those i 

'° ~ P*u;F{£)/s{d -i) ^ P*OBP{£){d - i - {n + 1)) = det{S). 
So for d > n + 1 the polarized complex variation of Hodge structures 

V = R"'g*iCz)d-{n+i) 

has the property that E^f^^^^-^^ ~ det(£^). 

For d = n + 1 we consider as in 11.61 the primitive part V of the variation of 
Hodge structures i?"'~^/*(C;f ), which is isomorphic to the variation of mixed 
Hodge structures R^p*{Cp(£)\x)- Again the first Hodge bundle is of rank 
one and isomorphic to det(£^). 

Claim 3.6. For d > n + 1 the Kodaira-Spencer map 
is injective. 

Proof. Taking residues along the divisor X C F{S) of 

^"•0 : p,n^^sys{\ogX)in + 1 - rf) ® T5 — ^ R^p,n;^^]^si\ogX){n + 1 - d) 
one obtains the Kodaira-Spencer map 

r"-i'° : MQ^-l ® u],),) ®Ts = Ts—^ R'M^7/1 ® ^^^5)' 
which is injective. On the other hand, bv II. II the residue map on 

P*^F{s)/si^ogX){n + l-d) 
is injective, as well. □ 
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Let V be the irreducible direct factor of V containing -E^l^n+i)- Remark 
that for = n + 1 one has a mixed variation of Hodge structures, but it is 
isomorphic a polarized variation of Hodge structures of weight n — 1. Hence in 
both cases by Proposition 13.31 one finds a decomposition of polarized complex 
variation of Hodge structures 

V = pIYi ® ■ ■ ■ (g) p^*V^ 

Let us write again the Hodge bundles of Vj for i = 1, . . . , £ as 



F! 



p+g=mi 



Comparing the Hodge bundles in the above tensor product decomposition one 
finds as above 

e 

(g)p*F"*^'0 = det(£) and 
i=i 

l<ii<---<ik<e j=l j=k+l 



Hence, 



rankF["^''' = ■ • ■ = rankF^"''^''^ = 1 and 

d-{n+l)- 



ErankF™'^ ^'^ rankF,"^'* ^'^ < ranki?" ''''' 



l<ii<-<ik<i 

Claim implies that F"^^'^ (g) T^. — > F"*'"^'^ is injective for 1 < z < £, hence 
that 

l<ii<--<ife<^ 

is injective, as well. The sheaf E^~^^_^^^ is a sub sheaf of 

and one obtains the first inclusion in 13.51 
Claim 3.7. The residue map 

R%{n;^,'y^{logX){n + 1 - rf)) — . 

R'M^x'/s'' ® ^^(^ + 1 - t^)) ~ R^f*T^/s ® det{£) (3.2) 

is injective. 

Proof. For the isomorphism in (|3.2j) remark that the sheaf on the right hand 
side is 

R'MT'x/s ® ^P<:/s{n + I - d)) = R'f.T'^/s ® det(^). 

For the injectivity it is sufficient to consider a point s in S, and to apply 
Ol □ 
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4. IRREDUCIBILITY of CERTAIN LOCAL SYSTEMS AND RIGIDITY 

Recall that Deligne has shown in [Gjj that for the primitive cohomology of 
a universal family f : X S for A4d,n the monodromy representation is 
irreducible. This was extended (although not stated explicitly) by Carlson 
and Toledo in jlj to the local systems {R"'g^:Cz)i, obtained as eigenspaces of 
the variation of Hodge structures of the d-fo\d cyclic covering g : Z ^ S, for 
certain values of d and i. We use a different argument to obtain this result for 
d < 2{n + 1) . It will be needed to prove Theorem IU.21 

Lemma 4.1. Assume that ?T, + l<(i<2(r2 + l). 

(i) For 

i = 1, . . . ,d — n — 1 and i = n + 1, . . . ,d — 1 

the polarized complex variations of Hodge structures {R'^g*'Cz/s)i ore 
irreducible. 

(ii) In i) the length of the Griffiths- Yukawa coupling of {R'^g^Cz/s)i is n—1, 
whereas for d — n — l<i<n-\-l it is strictly smaller than n — 1. 

(iii) For i the first Hodge bundle E^'^ of {R^g*^z/s)i is non-zero, if 
and only if i < d — n — 1. 

(iv) rankE^f„_i < rankE^i°„_2 < ■ ■ ■ < rankE"'° 

< ranki^^Ti '""^ < rankE'^^g'"'^ < • • ■ < rank£'"^J'^. 

Proof. Remark that II. 5( b), allows to identify the rank of the sheaves in iv) 
with 

dimi?o, dimi?i, ■■■ , dimi?rf_„_2, dimi?d_„, dimi?rf_„+i, ■■■ , dimi?2d-2(n+i)- 

Since 2d — 2{n + l) < d, iv) follows from 11.71 Part iii) follows from 11.51 b), 
and ii) follows from 11.91 a) and b). 

Let us assume that for some 1 < i < d — n — 1 the local system {R^g*'Cz/s)i 
is a direct sum of irreducible non-trivial sub-systems N]®--- © Vf, with i > 1. 
Using complex conjugation, this is equivalent to the existence of a direct sum 
decomposition V^_j®- • -©V^.j of {R^g^.'Cz/s)d-i in irreducible non-trivial local 
sub-systems. Remark that {R^'g*'Cz/s)i® {R"'g*^z/s)d-i is defined over M and 
polarized by restricting the polarization of {R"'g*Cz/s)pTim- By |7j, a polarized 
complex variation of Hodge structures over a quasi-projective manifold can 
be written as a direct sum of irreducible ones, orthogonal to each other. In 
particular, we may assume that the direct factors V- © are orthogonal 
with respect to the polarization. Let us write 

n—1 n 

®Er-''' and 0i?^!-^'^ 

p=0 p=l 

for the system of Hodge bundles for and V^_j. Let us use again the abbre- 
viation J?-'(z/) = ® C'p(£-)(i/). For j = i or j = d — i one has 

e;-~^'^ c R^p.{n;i^y,{\ogx){-j)). 

Part i) of 14. II for d = n -\-2, or more general for i = d — n — 1, follows from 
the next Claim, as the (n, 0)-Hodge bundle of {R"" g^^Cz / s) d-n-i is of rank one. 

Claim 4.2. For t = 1, . . . , £ one has ^ 0. In particular i < d — n — 2. 
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Proof. The restriction of -E^^""^'^ to a point s E S is R{p+i)d-n~i-i- As- 
sume that E]""'^ = 0, but e]^~^'^ ^ 0, for some p > 0. By 11.51 d), the 
multiphcation with respects the decomposition, and the image of 

Rd-n-l-i X S^{Rd) ^ R{p+l)d-n-l-i 

hes in 

contradicting the surjectivity of the multiphcations maps in the Jacobian ring. 

□ 

The cup product on induces 
$1 : Er""'"®^V*(^P(^)/s(-log^)(2z-rf)) — . R^^^vA^l-l~i\{^ogX){%-d)\ 
and 

Claim 4.3. The image of ^\ is "-p-Lp+i. 

Proof. Remark, that bv ll.5l and ll.6l for all points s & S, the restriction of the 
map ^[ to s is induced by the multiplication map 

R{p+l)d-n-l-i ® R2i ^ R{p+l)d-n-l+i- 

Let us write V(p^^-)^„„_]^_. for the subspace of R(p-^.i)d^n-i-i, corresponding to 
j^in-p,p similarly Vp^_^_^^^ for the subspace of Rpd-n-i+i, corresponding 
to E^-^'^. 

Since 2{d — n — 1 — i) < d — 2i, one finds by 11.71 that 

R2id-n-i-i) = H\0^^{2{d -n-l- i))). 

In particular G R2(d-n~i-i) is non-zero, for r G Rd-n-i-i \ {0}. Assume that 
for some t G R2i one has t ■ r 7^ 0. The Macaulay duality, and the surjectiyity 
of the multiplication maps in R, allows to choose some t' G R{n-i)d with 
r^-t'-t^QiYiR, = i?(„+i)(,_2) . Then {f ■r)-{t-r)^Q. Since t' -r e K^d-n-i-i 
the orthogonality of the decomposition implies that t ■ r E V^^_„_i+j. 

So the image of $^ is contained in ^^^-p-^'P+i^ fQ^- qW ^ Qn the other 
hand, the multiplication maps R^ (S> Rfi are surjectiye for all z/, /i > 0. Hence 
Im($J) U ■ ■ ■ U Im($f ) spans 



j^in-p-l,p+l 



and one obtains Claim □ 

Next define F^"-P'P = ® j9,(Cp(^)(i))). 

Claim 4.4. For p = 0, . . . , — 1 



0^-~P,P = ^Pp^(^n-P^^(logA')). 



t=0 
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Proof. Again we take a point s E S. By 11.51 and 11.61 the restriction of 

n-l 

to s is isomorphic to 

whereas the systems of Hodge bundles for {R"-g^Cz)i and {R"'g^Cz)d~i, re- 
stricted to s are 

Rd -n-l-i © R2d-n-l-i © " " " © Rnd~n~l-ij and 
Rd-n-l+i © R2d-n-l+i © " " " © Rnd-n-l+i- 

Here we use again d < 2{n + 1), or equivalently a = {n + l){d — 2) < nd. 

For p = 0, . . . , n — 1 the decompositions of the last two local systems induce 
the decompositions 



e 

-l+i 



Rip+i}d-n-i-i — V(p+;^-)^_„_]^_j and R(j,+i)d-n-i+i — V(p+i)rf_„_ 
t=i t=i 

and the image of the multiplication map 

V(p+i)^_„„l_j ® -Rd > R(p+2)d-n~l-i 

is contained in V(p_,_2)rf„„_i„j- By 14.31 we also know, that the image of 

^{p+l)d-n-l-i © R2i ^ -R{p+2)c(-n-l+i 

is contained and generically isomorphic to V^p^^-^^_^_^^-. 

By our choice of F''""^'^, its restriction to s is the image W^(p+i)rf_„_i of the 
multiplication map 

^{p+l)d-n-l-i © -^i ^ -R(p+l)d-n-l- 

The surjectiyity of this map implies that 

£ 

R{p+l)d-n-l = X^^(p+l)d-n-l- 

For U, = l^i+i)rf_„_i n E!=2 Wlp^i)d-n-i the image of 

lies in V(^+i)rf_„_i+, n ©!=2^(p+i)d-n-i+*' hence it is zero. Then 

Ufj X Ra-{p+l)d+n+l ^ -R(T 

is zero. The Macaulay duality ()1.4j) implies that Urj = 0, and applying this to 
all intersections one finds 

e 

R{p+l)d-n-l = ^ W^(p+i)rf_n_i- 
t=l 

□ 
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As in Remark for = RPp^in^^^^y ^(logX)) the Higgs bundle 

n— 1 71—1 
p=0 p=0 

is, up to a shift by (—1, 0) in the bidegrees, the one corresponding to {R"-^^ f^Cx) 
By definition of the image of F'^'-p^p^R^p.Tx hes in f^^n-p-i,p+i^ ^^^^^^ 

we constructed a decomposition in a direct sum of sub Higgs bundles 

n—l n— 1 £ n—l n— 1 

(©^"-"^©^™) = © (©^'™>©^n-p,). (4.1) 

p=0 p=0 t=l p=0 p=0 

Consider next a general Lefschetz pencil of hypersurfaces of degree d 

* : P" C P" X — 

smooth over P^ \ {si, . . . , s^}. 

By jH] the fibres of have at most one rational double point of type Ai, i.e. 
a singularity given locally analytic as the zero set of the equation + . . . + 
in C". 

Let r : C — s> P"*^ be a finite covering, Co = r^^(P^ \ {si, . . . , Sr}), such that 
the morphism Cq Md^n lifts to a morphism p : Cq S . The pullback of the 
families over S and over P^ \ {si, . . . , s^} to Cq are isomorphic. 

Replacing C by some covering, one can write P" x C = P(£^c) for a locally free 
sheaf £c on C, such that the closure Xq of A" x ^Cq is the zero-set of a section of 
Op(£-^)((i). Finally we choose an embedded desingularization Sc '-^c ^ IP'(^c) 

of ;ec. 

Let D ^ Pi be a 2-fold covering, totally ramified in the points Si, . . . , Sj.- 
Then is locally given by the equation t'^ — x1 + . . . + x"^ in C"^^. Blowing 
up the singular point, one obtains an embedded desingularization of Xo, such 
that the total transform Xo + £' is a normal crossing divisor, (-E)red — P", and 
E = 2Ered- We will assume that C — > P^ factors through D. 

We extend Z x ^Cq to the cyclic covering Zq of Pc, obtained by taking the d- 
th root out of Xq + E. Remark that fr, : X^ D is semi-stable. For Zq — > C 
to be semi-stable one has to choose C such that the ramification orders over 
tS]^ , . . . , Sy- are all divisible by 2d. We will assume that this additional condition 
holds true. 

The Higgs bundle t*{E, 6) has a natural extension to a Higgs bundle (£', 9) 
on C with a Higgs field with logarithmic poles along C \ Cq. 

Claim 4.5. The pullback of the direct sum decomposition (j4. 1|) to Cq extends 
to a decomposition 

n—l n—l 

(©-^" ^'^'©^"-P'P) 
p=0 p=0 

of {E, 9) over C. 

Proof. By (j2.2p the Hodge bundles of the canonical extension of t*{E,9) are 
the locally free sheaves 

RPgc.{n;-U^og{Xc + F)) ® 



e n-1 n-1 

\\V ' Vl7 "n-p,p) 

i=l p=0 p=0 
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where M^^ = 6*{Ow(£^.){l))(»Orc{-[^]), and where T is the puUback ofC\Co. 
The decomposition {R^g<^'Cz)i = © • ■ ■ © induces a decomposition of the 
system of Hodge bundles 

I n-l n-1 
t=l p=0 p=0 

with E,^"-P'P|co = T*E'i''-P'P. 

The map $2lco extends to the cup product map 

i.^ : Er'''''®P.m — R^pcin^-'ici^ogXc + r) © 

If £) = C, since 2i < d, the divisor [^] is zero. Let us first show that over D 
the cup-product 

$2 : R''pD.{^;~%{\og{XD + r) © AT-^ ©PD*Ar* 

—.RPp^^{n;-J^^{\og{Xn + m (4.2) 

is surjective. It is sufficient to verify, for u = 1, . . . ,i, the surjectivity of the 
product map 

RppD.{n;-^^j^{\og{XD + r)) © AT-'+'^-i) (^p^M 

RPpD.i%-%MXD + r)) © Ar-^+^). 

For this one can use the pullback under 6d of the tautological map 

n+l 

^C'p(^b)(-1) ^ C'p(£:d)) 

and the induced Koszul complex 

n+l n+l 

AT-"-! ^ AT-" ^ ■ ■ ■ ^ 0^/""' ^ (^Pz,- 
Tensorizing with Q^~^^j^(\og{XD + T)) ® M^'^^^ one has to verify that 

R^'pD^i^TJ/j.ilogiXD + r)) © Ar-*+'^-^ = (4.3) 

for /i = 1, . . . , n + 1 and for p' > p + /x — 1. In fact, this implies by descending 
induction on /i, that 

i?^+'^-VD*(Coker(a^) © OrfJi^^log^XD + T)) © A^-^^^) = 0. 

Since 0<i — u + ^Kd the sheaves 

RP'po.{n;-/^^{\og{Xn + r)) © Af(^-^+>^r' (4.4) 

are direct factors of the higher direct image of ^^d/d (^^^ -^^^ example), 
hence locally free, and bv ll.ll thev are trivial. Claim allows to assume that 
i < d — n — 2, hence for /i < 2 

2(i - + /i) < 2(z - z/ + 2) < 2(z + 1) < 2rf - 2n - 2 < d. 

So for /i < 2 the sheaves in ()4.3p and ()4.4|1 coincide. 

In general, the sheaves in ()4.3|) and ()4.4|) differ at most by 

HP'-\E, Ql-^-\log{X n E)) © Oe{E)), 

which is zero bv ll.H b), for > p + 2. 
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Remark that the sheaves RPpD*{^'^J/ j^ijog + T)) and po*-^^ are compat- 
ible with base change, whereas EFpc*{yt^~^i(ji}og{Xc + T) ® A/"*-*^ ^) is larger 
than the pullback of the corresponding sheaf from D. This is due to the non- 
semi-stability of Zd D m p E C \ Cq. 

As the pullback of the direct sum decomposition of the Higgs bundles of the 
i-th eigensheaf on we only get a direct sum decomposition © ■ ■ ■ © of 
a subsheaf of 

iE 

containing 

n-1 

0i?>c*(n;;;e(iog(A'c + r))Op,). 

p=0 

By PI, Section 5, all eigenvalues of the local monodromy of a Lefschetz pencil 
for the local system corresponding to the z-th eigenspace, are one, except for 
one eigenvector 5. Moreover, the local monodromy is of the form x i— > x±h{x)5. 

Over Co we have the decomposition t*N\ © • • ■ © r*V^. Hence if the local 
monodromy is non-trivial, 5 must belong to one of the say for 6 = 1. Then 
for t 7^ 1 the Hodge bundles for are contained in the pullback of the Hodge 
bundle on the curve Z), and the image of the direct factor © ■ • • © in the 
direct sum of the cokernels of 

BfpU^;-%i^og{Xc + V)®M-') ^ Efpc.{K-%{\og{Xc + r) ® 
is zero. This implies that 

n-1 

R^pc.{Sll-Jjc(\og{Xc + r) © M-') = G'' © G' © ■ ■ • © G^ 

for the subsheaf G'^ = G^ n ^^Zl ker(/5p) of G^ □ 

By jm {E, 6) is a poly-stable Higgs bundle of degree zero, hence 14.51 is a 
decomposition in sub Higgs bundles, necessarily of degree zero. Applying ^T] 
again, one obtains a decomposition 

t 

T*{R--'MC^UJ\c, = 0W^„ (4.5) 

L = l 

of C-local systems over Gq. Recall that X Xs Cq is isomorphic to the pullback 
of the family 

* : = ^-^(P^ - {Si, . . . , Sr}) Pj = pi - {Si, . . . , Sr}) 

By Deligne [HI, I, 1-5, (see also |21], 15.27 and 15.28) the underlying repre- 
sentation of the polarized variation of Hodge structures (/2"~i\l/*Cpn)prim 

into the symplectic group with respect to the polarization <, > is irreducible 
over C In fact, as explained in jB], H, Section 4.4, one also has the stronger 
result, that the image of the monodromy representation is Zariski dense in 
Sp(if"~i(F, Q)prim), which is almost simple over C. Since the Zariski density 
property of a representation of tti (X) of an algebraic manifold X in an almost 
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simple algebraic group remains true under the base change, the pull back of p 
to a finite covering C of is also irreducible over C. 

Hence 1331 implies that = 1, contradicting our choice of i. □ 

Example 4.6. Let f : X S he a. universal family of hypersurfaces in P" of 
degree d. Let {g : Z ^ S) E M.d,n+i{,S) the family of hypersurfaces in P"+i 
obtained by taking the d-ih root out of X. By Lemma 12.41 iii), q{g) = n for 
d > 2{n + 1). So by ,23|, Section 9, the family g is rigid. 

In 14.61 for d < 2{n + 1) one has q{g) = n — 1, and the family 

{g:Z^S)e M,,niS) 

would be a candidate for a non-rigid family. Theorem lU . 21 savs that this is not 
the case. 

Proof of Theorem W.^A Let g : Z ^ S he a, universal family for M.'^^n+ii *^t>- 
tained by taking the d-ih root out of A" — > S". It remains to show, that the fam- 
ily : Z S" is rigid in M-^ ^+i under the assumption that n+1 < d < 2(n+l). 

Assume there exists a morphism h : Z' ^ S x S', with S x S' ^ M^m+i 
generically finite and some point Sq G S' such that the restriction of h to 
h~^{S X {sq}) is isomorphic to g : Z ^ S. By Proposition 13.31 one has a 
decomposition 

j 

where Pi denote the projections and where and V-^, are irreducible polarized 
complex variations of Hodge structures on S and S', respectively. Let us write 
Egj and Egfj for the corresponding Hodge bundles, and for the Hodge 

bundles of R^h^z- The local Torelli theorem implies that the morphism 

j j 
is injective. Then for at least one jo the restriction of the Higgs field 

must be non trivial. This implies that r = rankV'^" > 2, and that -E^'^^, E^7^^ 

and E^7j~^'^ are all non- zero. The local system is irreducible over C, hence 

is isomorphic to one of the eigenspaces {R^gXz/s)jo- particular, 14. ![ 
ii), implies that Jq < d — n — 1. 

Restricting everything to 5 x {sq} ^ S one obtains 

© c R'hXz^sxis',} = R'gXz. 

Here C is the trivial local system. As a constant variation of Hodge structures, 
it contains non-trivial parts in bidegrees (n — p, 0) and (n — p — 1, 1). One 
obtains r > 2 irreducible factors Vi, . . . , of K^gXz, and up to a shift in 
the bidegrees, they are all isomorphic to {R^gXz)jo- 

Bv 14.11 ii)) length of the Griffiths- Yukawa coupling of the latter is n — 1, 
and can only be isomorphic to one of the {R"'g*'Cz)i{i), with 

i^i) G {1, . . . , d — n — 1} or G {n + 1, . . . , c? — 1}. 
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In fact, due to the bidegrees of the C part, one can find some l and l' with 



i^i) G {1, . . . , d — n — 1} and i{L') E {n + 1, . . . ,d — 1}. 

However, by 11.71 the rank of the first non-vanishing Hodge bundles of the 
variations of Hodge structures {R^g*'Cz)i{L) determines ^(i), and must be 
equal to jo, obviously a contradiction. □ 



5. Iterated cyclic coverings 

Starting with a family (/ : A" — > S') G M.d,n{S), we constructed in 12.11 and 
new families 



{qp ■■ Zp-^ S) e Md,n+p{S). 

For simplicity we will write again g = gi and Z = Z\. By construction, Z2 is 
obtained by taking the d-th root out of Z C ^{Ps © £-)■ Bv 12.11 blowing up 
a section of P(05 © 6^), disjoint to we obtain an embedding of Z to a 
bundle Pi and a blowing up y of Z2 with center a d-fold etale multisection of 
— S" is obtained by taking the (i-th root out of Z C Pi. The contraction 

y ^Z2^ p(05 ®Os®E) 

is again given by the pullback of Opi(l) to 3^. 

Since Pi is a P^-bundle over P(£^), there is a morphism y P(£^) whose 
fibres are curves. We will show in this section, that this family of curves is 
isotrivial with the Fermat curve of degree d as general fibre. 

Recall that Y^d is the projective curve with equation x'^ \ y'^ \ z'^ = 0, or 
equivalently, the cyclic cover of P^ obtained by taking the ci-th root out of the 
divisor of the d-th roots of 1. We will use different coordinates and represent 
Erf as covering 



where (3' is the Kummer covering given by and a' the one given by y 
Writing Gs^ = Gal(S(i/P^) we fix a primitive d-th root of unit ^d and a gener- 



ator r]Y;^ of which acts on ^ by multiplication with ^d- 

Let V be the normalization of the fibre product Z Xp(^) 3^ or, in different 
terms, the cyclic covering obtained by taking the d-th root out of the pullback 
of the divisor X C P(^) to Pi. Writing H, = ci(C,(l)) in the sequel, this 

covering is given by ^ -rw- — • Again we choose a generator rjz of the Galois 



P(£) 



group Gz = Gal(Z/P(£^)), acting on -^fjj — by multiplication with ^d- 
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Construction 5.1. One has a commutative diagram of morphisms between 
normal varieties 



V 



V 



V 



y 



y 



y 



Pi 



P(^) X pi 

p. 



Pi 



Pd 



d M'gg 



^P(£) 



Z 



Pi 



P. 



I'd 



with: 



(a) 5, 5i, Sd, p, Pi and pd are birational. 

(b) IT is a family of curves, tti and vr^ are P^ bundles. 

(c) All the vertical arrows are finite coverings of degree d. Here the symbol 
\ff under an arrow indicates, that the corresponding finite morphism 
is the Kummer covering given by the d-root of f . 

Proof. The morphisms r : 3^ ^ Pi and Pi P^ have been considered already 
in Section 121 and 7 : V ^ 3^ is just the Kummer covering defined by 



TT 



¥(£) 



To complete the construction, we just have to explain 5d and pd- Consider on 
Prf = P(Op(£-) © Op(£-)((i)) the tautological morphism 

7r*(Op(^)©Op(,)(d))— ^Op,(l). 

Recall that Eq is the zero set of the section given by the first direct factor, 
whereas E„ is given by id © n^a. Taking the direct sum of both sections, one 
obtains 

and the image of the composite $ is (9p^(l) © /, where I is the sheaf of ideals 
of Eq n Efj. The morphism pd is obtained by blowing up /. Let Di be the 
exceptional divisor. Then {pdOTtd)~^{X) is of the form D1 + D2. The morphism 
Sd is just the blowing down of iD2- It is given by the surjection 



Taking normalizations we obtain the diagram in 15.11 and a), b) and c) 

Construction 5.2. In \5.1\ one has moreover: 

(d) V'^Zx T.d. 

(e) There is a diagonal embedding 

G = Gal(Z X S,/y) — ^ G" = X Gs,, 
i.e. an embedding whose image is generated by {riz,riY;J. 



□ 
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(f ) Taking quotients of Z x 'Ed by G and G' one obtains morphisms 
Z xEd^y ^ P(£) X 

Proof. Let us write for the proper transform of E, under pd. Then ji is the 
Kummer covering given by 



dj Eoo + d- 7r^-f/"p(£:) 



Eo + Di 

where lid — Pd° T^d- The morphism p! is given by 



^5 dE^ + d-5dnlH^(£) ^ / P(g) X {00} + d • /Jp(g) x Pi 
idh + ^dDi ~V F(£:)x{0} + A'xPi 

Since Eq + vr^(A:') is a normal crossing divisor, the section E„ does not meet 
£'0 nor Z)2, and 6d{Eo-) neither meets 

5d{Eo) = nS) X {0} nor 6d{E^) = F(^) x {00}. 

This allows to choose coordinates in P-"^ with 6d{Eo-) = P(^^) x {1}. 

Remark that we can choose Hp^ to be (/i*ii^o)red; hence f is the Kummer 
covering given by 



hence r' is given by 



plp*Eo \l p*Eo' 



lp'*¥{£) X {1} 



p'*¥{£) X {0}' 

Since the last function is the d-th root out of the puUback of a function on 
¥{S) X P^, one may reverse the order and obtains 

y P(£:) X p^ ^ : p(£:) X p^ (5.1) 

V /3*(P(£)x{0}+Arxpl) V P(f)x{0} 

Then the composite, considered in f), 

V ^' — > y ) ¥{£) X P^ (5.2) 

J a'*;3*(^xPl) d//3*(P(£)x{oo} + d.ifp(£jXPl) 

V «'*/3*(d--Hp(£)XPl) Y /3*(p(£)x{0} + A'xpl) 

is the product of the two cyclic coverings of P(£) and P^, given by 



respectively, where /3' : P^ — > P^ is the d-fold cover ramified at and 1. The 

total space of the first covering is Z, and the one of the second is E^. We 
obtain d) and an embedding of G into Gz x Gs^. For the generators rjz and 
r^Sd, acting on /i and /2 by multiplication with ^d, the automorphism rjz x rj-z^^ 
leaves the function 



lp*(¥{£) X {00} + d-H^s) xPi) 



(3*{F{S) X {0} + A" X Pi) 
invariant, hence it generates G as a subgroup of Gz x Gj:^, as claimed in e). □ 
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One can also reconstruct 3^ and the sheaf r*(9pi(l), defining the morphism 
to f{Os © Os © S) with image Z2, starting from the data in 15.21 To this aim, 
write E' = F{S) x (3'*oo, and let C : 6 P(^) x be the blowing up of the 
non singular subscheme 

(3*{¥{S) X {00}) n f3*{X X pi) = (P(^) xE)r]{Xx pi). 

Writing tti : fl F{S) for the morphism induced by the projection to ¥{S) 
one has ^i(A') = Bi + B2, where B2 is the exceptional divisor for (. Let us 
also write E for the proper transform of E' under (. Blowing down Bi one 
obtains a morphism r/ : 11 11 to the total space of some projective bundle 
TTi : n ^ P(^). 

Construction 5.3. Using the notations introduced above one has: 

(g) A finite morphism a : y fl of degree d and totally ramified over 
E + ttI{X) — B2 = E + Bi, and nowhere else. In particular y is 
non-singular. 

(h) A finite morphism a : y ^ U of degree d with ramification locus f]{E). 

(i) Let T = {a*E),ed- Then the sheaf Oy{T) © a*Til0^i^s)iX) defines the 
morphism from y to '^{Os © Os © £) with image Z2. 

Proof. To verify those properties, let us return to the description of y in (jS.lj) . 
Recall that P^ — * P(£^) x P^ is given by the blowing up of 

(P(^) X {00}) n (A" X pi), 

hence n is finite over P^. By ()5.2|) 3^ is the covering of fl, given by 

C/3'-(P(g)x{oo} + ci-gp(g)xF) _ / c(P(g) xE^ + d-gp(g) xP^y 

c*/5*(p(^) X {0} + A" X pi) y ■ c*(p(^) X {0}) + cK^A") ■ 

Obviously B2 cancels out, hence it is not in the discriminant locus, and the 
latter is non-singular. This implies g), and since Bi is blown down under 77, 
part h) as well. 

For i) recall that the sheaf r*(9p^(l) on 3^ defines the morphism to 

with image Z2. Hence the sheaf p*r*(9p^(l) is the one we are looking for. 

By part g) the divisor T + (d*i?i)i.ed is the reduced ramification divisor of 
the covering a : 3^ ^ 11. Returning to the notations in 15. II one has 

T = (f*/i*(Eoo))red and (d*5i)rcd = {T*jlbi)rcd- 

Remark that fi*{Eoo)rcd is the zero set of a section of p^(C^Pi(l)©7'"iC'p(£)(^l))! 
and that both, fi*{Eoo)rcd and fi*Di are unramified for f : y Pi. Hence 

Oy{T + (d*5i),ed) = f*(plOp^(l) ©pt7r*Op(£)(-l) © Op^((p*Di)red)), 

and one finds 

pV*a,(l) = 03)(T) ©p*7r*Op(£)(l). 

□ 
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6. Deformation of iterated coverings 

Remark that the description of 3^ and of the sheaf defining a morphism with 
image Z2 in 15.21 f), and in 15.31 g) and i), is just using data given by E^, by 
Z and by the group action. This allows to replace the Fermat curve by 
any curve S obtained as a (i-fold cyclic covering of P^, totally ramified over 
a reduced divisor F in of degree d. The (i-fold Kummer covering E — P^ 
is given by \ff for / = We keep the convention, that Z is the family of 
hypersurfaces in '^{(Ds®S,') obtained by taking the d-th root out of a normalized 

family X C P(£^). We fix a generator r]z of the Galois group, acting on ^/j^^ 

by multiplication with 

One has a 2(i-fold covering Z x S — P(£^) x P^ with Galois group Gz x Gs- 
We choose a generator 77s, acting on \fj by multiplication with and we 
define G dGz^ Gy. to be the subgroup generated by {riz^tlY)- 

By abuse of notations we will not add any additional index to the varieties 
and maps considered in the last section, keeping however in mind, that the di- 
agram in 15. 11 does not exists in general. Let us collect the surviving properties: 

Lemma 6.1. Let E = ¥{S) x F. One has a commutative diagram 

z X E y p(^) X pi 



3^ n F{£) 

where 

(i) 7' is the quotient by G and a' is the quotient by G'/G. 

(ii) ( is the blowing up of E H {X x P^) with exceptional divisor i?2- 

(iii) a is the finite covering, totally ramified over E + Bi, where E and 
Bi denote the proper transforms of E and X x F^, respectively. In 
particular y is non singular. 

(iv) 6 is the blowing up of a non-singular subvariety, consisting of d copies 
of X . The exceptional divisor A2 is a P^ bundle over d disjoint copies 
ofX. 

Proof. Obviously Z xYjjG' = P(£^) x P^, and one obtains i). In ii) remark 
that E ^ {^X X pi) consists of d disjoint copies of X . For iii) remark that 
a' '.y ^ P(£^) X pi is the Kummer covering defined by 



E^d- gp(g) X Pi 
rf-P(^) X + A' X Pi' 

So B2 is not part of the ramification locus. A2 is the preimage of B2 hence 
a covering of a P^-bundle, ramified along two disjoint sections. One obtains 
iv). □ 

Corollary 6.2. /f m l6'. il E is the Fermat curve Yj^, then d : 3^ — > fl coincides 
with the morphism considered in \5.'A g). 

It remains to reconstruct the non-singular model Z2 of 3^, and the invertible 
sheaf defining the contraction from y Z2. Taking IKT^ as a model, and using 
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the notation from 16.1] we define the divisor T = {a*E),.ed and the invertible 
sheaf 

We will write g2=po7!-od: y-^S, and Aj = a*Bi 

Lemma 6.3. 

(i) The sheaf N" is generated by global sections. 

(ii) g2,^^ = £ ® Of . 

(iii) The image of the morphism (f) : y ^ P(^2*A^); defined by ^2^2*Ai^j is 
non-singular. 

(iv) 0|j)\(x+Ai) embedding, is a bundle over X and cf) contracts 
T to a section o/P(^2*A/') — >■ S. 

(v) factors as 

y-^y^z,, 

where y ^ S and g2 : Z2 ^ S are smooth and where p contracts Ai 
to X ay and where ip contracts p(T) to a section 0/(72- 

Proof. Let us write Ojj{i,j) for the pullback of pr^Op(£:)(i) ® pr2Cpi(j). By 
definition 

Ar=Oy{T)^a*Of,{l,0), (6.1) 
hence it is globally generated outside of T. On the other hand one has 

Oy{T - Ai) = OyiiT + A2) - (Ai + A2)) = -1), 
and hence 

Ar = O^(Ai)®d*On(0,l). (6.2) 

Then Af is also globally generated outside of Ai, and since Ai fl T = i) holds 
true. 

The covering a is obtained by taking the d-th root out of 

E + (d-l) ■ Di + d- ID2- 
The corresponding invertible sheaf is the pullback 0-jj{d{d — l),d) of 

prlO^£^{d{d - 1)) ® pr;Opi{d). 
As in Section 121 this implies that 

a.Oy = Ot,{-zid - 1), -z)(z • D2 + l^^^j^] ■ D,) 

i=0 

d-i 



Of,(B^Of,{i-d,-i){D2) 



i=l 



and 



a 



M = nlO^£){l) © On(-l, -d + 1){E + D2) ® 7r*a(£)(l) 



d-2 



Of,{t - d, -t){D2) ® vr*Op(£)(l) (6.3) 

cZ-2 

On(l, 0) © On(0, 1) © (^n(l + ^ ' d, -OP2). 



i=l 
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In this decomposition, applying vr^, to the right hand side of this decomposition, 
one obtains zero. Hence 

^2,Ar = 7r,(On(l,0)©On(0,l)). 

We obtain part ii), as well as the existence of the morphism cj). 

The sheaf g2*M is locally free, and by "cohomology and base change" one 
may assume in iii) that 5* is a point. By and (j6.2j) outside of T U Ai the 
morphism (p factor through an etale morphism, the one to W{8) x P^. On the 
other hand, it separates points on each fibre of tti, hence of a, hence it is an 
embedding on the complement of T U Ai. 

The morphism d*A/'(— T) a^.M induces an isomorphism for all of the 
direct factors in ()6.3p . except of the second one. Therefore A/'lx = C't- By 
construction T is isomorphic to P" and since T + A2 is a fibre of a morphism, 
this also implies that 0'^{T) = 1). So contracts T to a point. Since 

for each point p E T the restriction of to a transversal curve is an embedding, 
the image point of T is a non-singular point of 0(3^). 

As in and in we can reverse the role of T and Ai, and repeating 
the arguments used above one finds in this case that A/'Iai = C(*Of^{l,0)\j\-^. 
So : Ai — i> 0(Ai) is a P^ bundle over X, with 0Ai(Ai) fibrewise isomorphic 
to (9pi(— 1), and 0(3^) is smooth in a neighborhood of 0(Ai). □ 

The moduli scheme 1 of d distinct points in P^ is irreducible and of 
dimension d — 3, for d > 3. Let T — > M^^ 1 be a generically finite and surjective 
morphism from a non-singular projective variety T. Assume that T 1 
is induced by a normalized family qq : Wo T of points in P^. So for 
some vectorbundle JF of rank 2 there is an embedding Wo — * ^{^), with 
Cp(^)((i) =C)p(^)(Wo). 

By 12.11 we obtain a family g : W T of non-singular degree rf-curves in 
P(0T © By assumption, one of the fibres is the Fermat curve S^, say 
the one over to ^ T. Let A" ^ S* be a universal family for M.d,ni and let 
{Z ^ S) E A4d,n{S) be the family of cyclic covers, obtained in 12.11 For 
each point t G T 16.11 and 16.31 gives a family S x {t}. Of course, the 

explicit construction of this family in 16.11 extends to families of curves S, and 
16.31 extends by base change. 

So there exists a family {Z2 ^ S x T) G J^d,n+2{S x T). Obviously, a 
general fibre of this family has only one automorphism of degree d, hence the 
curve S as well as the corresponding fibre in Z are uniquely determined. One 
obtains: 

Proposition 6.4. For n > 3 and d > n + 1 consider the sub-moduli stack 

(2) (2) 
Ai^n of M.d,n', and a universal family g2 : Z2 S2 for M-dL- Then there 

exists a {d — 3) -dimensional manifold T , and generically finite morphisms 
ip' -.T — > M^^ and ip : S = S2 x T — > Md^n 

with: 

(a) (p is induced by a normalized family g : Z —>■ S . 

(b) Let to C T be a point whose image in Md,i is the moduli point of the 
Fermat curve. Then the restriction of g to S x {to} coincides with /i2- 

(c) If for some t E T the point (p'{t) is the moduli point of a curve S, then 
g^^{{s,t)) is the quotient of g2^{s) x T, by the action ofZ/d. 
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Proof of Theorem W.^ By induction we may assume that there is a generically 
finite morphism S^j x T'^^^^^'> which is induced by a family. Then 

applying 16.41 one obtains a generically finite morphism 

again induced by a family. □ 

7. Variation of Hodge structures for iterated coverings 

Keeping the notations from Section El we will compare the variations of 
Hodge structures of the normalized family 

with the one of [f : X —>■ S) E Aid,n{S). As it will turn out, this can be done 
using only the properties stated in 15.21 and 15.31 and the results carry over to 
the slightly more general situation considered in 16.11 and 16.31 

Recall that in 15. II or 16.31 v), we considered a blowing up ip '■ y ~^ ^2 with 
center a section of 92- So obviously on has 

Claim 7.1. There exists a constant Q variation of Hodge structures W with 

Moreover, W is trivial for n even and of rank one, concentrated in bidegree 
(^,^) for n odd. 

Let us compare next the variations of Hodge structures for 3^', 3^ and y. 
Remark that y fibrewise only has quotient singularities, hence the Hodge 
structures of the fibres of the morphism g'2 : y ^ S are pure. In the sequel 
(— j) denotes the Tate twist of a variation of Hodge structures, i.e. the shift 
of the bigrading by (j, j). 

Claim 7.2. The morphisms p ■ y ^ y and 6 : y ^ y' induce Hodge 
isometrics 

and 

d 

R'+\g2 o ^ o p),Qy ^ i?"+'^7LQy' © R''-^92*Qx{-l). 

Moreover, 

d-l 

R'''-\g2 o ^)My ^ R'^^'gLQy © R''-'92*QA-^)- 

Proof. The first two equalities follow from the explicit description in 16.31 v), 
and 16. H iv) , of p and 6 as blowing up with centers isomorphic to X and to 
d copies of X, respectively. For the last one remark, that the exceptional 
divisors Ai of p and A2 of 6 meet transversally in d sections of the P^-bundle 
Ai^ X. □ 

Recall next, that y' = Z x J]/G, where G = Z/rf is diagonally embedded in 
Gz X Ge- Write Qe)* for the direct factor of the constant variation of 

Q(^rf)-Hodge structures H^{T,,Q{^ii)t:), where the generator t^e of Gs acts by 
multiplication with and correspondingly {R°'g<tQz)i for the sub-variation of 
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Q(^rf)-Hodge structure of R°'g*Q{^d)z where riz acts in the same way. Remark 
that 

has a Q-structure. Obviously one obtains: 
Claim 7.3. 

a+b=n+l 

d-1 

^iR^9*Qz)^®H\E,Q^),_,. 

a+b=n+l i=0 

Of course in the decomposition in 17.31 one only has to consider b = 0,1 and 
2. Since 

for i 7^ 0, and since 

{R''9*Qz)o = i?>*Qp(oe£) = 

for a odd, the direct factors for i = in the decomposition in Claim 17.31 
vanish for n even. For n odd, they are constant variation of Hodge structures, 
concentrated in bidegree (^^, ^^)- One obtains: 

Proposition 7.4. There exist constant Q variations of Hodge structures W 
and W and a Hodge isometry 

d-1 d-1 

R''+'92*Qz,®W' - 0(i?"(7*Q2)i®i/^(S,Qs)d-.©0i?"-V*QA'(-l)©W. 
1 

Ifn is even, W = W = 0. If n is odd, W and W are concentrated in bidegree 

(n+l n+1 \ 

The Proposition I7.4[ applied to S = S^, allows to complement Corollary 

Proof of Theorem \U.l\ Part b) has been shown in 12.51 For a) start with a 
family f : X S, coming from a dominant and generically finite morphism 
S Md^n-e- Replacing 5* by some covering, we may assume that the family 
is normalized. Since 

i>n-[^] + l, hence d>2(n-£+l), 

12.41 iii), implies that for the (i-fold covering family <j(5'i) = n — i. Using the 
decomposition in 17.41 one finds ^((72) = n — i. Since n — i is strictly smaller 
than the dimension of the fibres, one can apply iv), and the length of the 
Griffiths- Yukawa coupling remains n — £ for all families, obtained by further 
(i-fold coverings. □ 
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8. QUINTIC THREEFOLDS WITH COMPLEX MULTIPLICATION 

Recall the definition of the special Mumford-Tate group (called Hodge group 
in [T7j and [IE]), Let V he a. Q- vector space with a Hodge structure of weight k. 
By jU] the Hodge structure on V is given by a homomorphism of real algebraic 
groups 

h:S—^ Gl(y)M, 

where S is the real algebraic group obtained from C* by restriction of scalars 
from C to M. Let denote the subgroup = {z & C*; zz = 1}. The special 
Mumford-Tate group Hg(F) = Hg(V, h) is the smallest algebraic subgroup of 
Gl(\^) defined over Q, with 

h{U') C Hg(K, /i)m = Hg(l^, h) ®Q M. 

It is also the largest Q algebraic subgroup of Gl(l^), which leaves all Hodge 
tensors invariant, i.e. all elements 

For a manifold F consider the Hodge structure V = Q)prim- The 

special Mumford-Tate group of F is Hg(F) = Hg(l^), necessarily a reductive 
group. 

One says that F (or a Q Hodge structure) has complex multiplication, if 
Hg(iJ'^™^(F, Q)prim, ^) (or B.g(y)) is a commutative group. One also says 
that F (or V) is of CM type in this case. 

Note that for a Calabi-Yau 3-fold F 

i^'(F,Q)pnm = i^'(F,Q), 

as H^{F,Q) = 0, hence that Hg(F) = Hg(if ^(F, Q)). If F is a surface, again 
Hg(F) = }ig{H'^{F,Q)) since NS(F) ® Q is invariant under Hg(F). 

Lemma 8.1. 

(a) // V and W are two Q-Hodge structures of weight k, then 
Hg(V ®W)C Hg(r) X Ilg{W) C G\{V) X G\{W) C G\{V © W), 

and the projections 

Rg{V®W) — ^Hg(y), and }ig{V®W) — ^ Hg(H^) 
are surjective. 

(b) The special Mumford-Tate group does not change under Tate twists, 
I.e. Hg(V(-l)) = Hg(V). 

(c) The special Mumford- Tate group of a Hodge structures concentrated in 
bidegree {p,p) is trivial. 

(d) // V and W are two Q polarized Hodge structures, then V ^ W has 
complex multiplication, if and only if both, V and W have complex 
multiplication. 

Proof. Assume in a) that the Hodge structures on V and W are given by 

/ii : 5 — ^ G1(\/)k and : S GliW)^, 
respectively. Obviously 

Hg(V^, /ii)m X Hg(l^, C G1(\/)m X G\{W)^ C G\{V © W)^ 
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is defined over Q and it contains the image of tlie liomomorpliism 

(/ii, h^) : GL(V)m X Gh{W)n C G\{V © W)^. 

By definition tliis implies tliat 

Hg(\/ ®W,h^® h^) C Hg(\/, /ii) X Hg(iy, /i2). 

Tlie image of tlie projection 

Hg(V^ ®W,h^® h^) C Hg(V, /ii) X Hg(Vr, h^) — ^ Hg(r, /ii) 

is an Q— algebraic subgroup G C Hg(F, /ii). Since Gr contains the image of 
hi-.U^ ^ GL(y)K one finds G = Hg(\/, /ii). 

The parts (b) and (c) are obvious, and d) is Prop. 1.2 in □ 

Let f : X ^ S he a universal family of five points in P^, and let gi : Zi ^ S 
be the family of the 5-th cyclic covers of ramified on X. Note that this 
family is one of the example in [H]. The Galois group G = Z/5 acts fibrewise 
by automorphisms on the family gi : Zi S. We consider the induced family 

gi : Jac{Zi/S) — > S' of Jacobians. Let ^ = e . Then Z(^) acts as a sub-ring 
of the endomorphism ring of Jac{Zi/S) — > 5* via the action of ^ on gi : Zi ^ S. 
The intersection form <, > on the Q- variation of Hodge structures 

is defined by taking cup product of 1-formes along the fibres of gi : Zi ^ S. 

Claim 8.2. For / eZ{^) and for all x, y e R^gi,*Qz,\so = H^i9i^iso),Q) one 
has < lx,y >=< x,ly >. 

Proof. In fact, the corresponding property holds true for all cyclic coverings of 
degree n. Let a be a generator of G = Z/n. Then 

< ax, ay >=< x, y >, Vx, y E if ^(gff ^(sq), Q). 

Let 

n-l 

H\g^\so),Q) = ^V„ 

i=l 

be the decomposition in eigenspaces, i.e. a{v) = ^*t> for all f G Vi. Then 
< Vi, Vj >= for all i,j with i + j ^ n. On the other hand, for x E Vi and 
y G Vn-i, the equality a = a^^, implies that 

< ax, y>=C <x,y >=< X, Cy >=< X, {C'T^y > 

=< X, a^^y >=< x,ay > . 

□ 

We are therefore in the situation of 0, 4.9. The following construction is 
similar to ^0] In fact, the second family in [T^ lies in the degeneration of 
gi: Zi^ S. 

As in ^U] , one starts with the group G, constructed by Deligne. For a com- 
pact open subgroup K C G(A/) the quotient kMc{G, ho) is the moduh space 
of isomorphism classes of principally polarized Abelian varieties of dimension 
6, together with the given Z(,^)-action satisfying the property in Claim IH^ and 
a level 1 structure (jHI, 4,12 and [lOj, Section 2). For a suitable choice of K, 
the family of Jacobians induces a generically finite morphism 

(j) : S kMc{G, ho). 
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Claim 8.3. The map (j) : S kMc{G, ho) is dominant. 

Proof. Since dim 5 = 2, and since (p is generically finite, we only need to show 
that 

dim(KMc(G,ho))^2. 
After base change we may assume that there exists a universal family 

— > kMc{G, ho), 

together with an Z(^)-action on the fibres. This leads the eigenspace decom- 
position of i?^7r*(Qyi) as polarized complex variation of Hodge structures 

R'tt^Qa) ® Q(0 = v(0 e v(f ) e Y{e) ® v(e'). 

Since < Ix, y >—< x,ly >, the intersection form <, > induces a perfect duality 
between V(e) and Y{C^-'). 

Next we determine the ranks of the Hodge bundles in the corresponding 
decomposition. Note that the pull back of R^7r^{QjC) together with the Z(^)- 
action is just R^gi,*{Qjac{Zi)) together with the Z(^)-action. We only need to 
determine the ranks of the Hodge bundles in the decomposition 

R'giAQjs.(z,)) Q(0 = W(0 ® W(f ) ® W{e) ® W(e'). 

Writing for the rang of the (p, q) Hodge bundle of W(^') one has 

/i°((]^i(5 = and h\¥\0{-i)) = h'^'^C)- 

Then one finds 

{h'^'iO, h''\0) = (3, 0), (h'^^f), h'^e)) = (2, 1), 
(/ii'°(a,^°''(a) = (l,2), and (/^i'0(e^),/.0'i(e^)) = (0,3). 

In particular, Y{^) and Y{^'^) are unitary local subsystems. The perfect duality 
between V(^^) and V(.^^) implies that the corresponding the Higgs bundles 

arc dual to each other. This gives a precise description of the rang of the 
differential map 

of the natural inclusion of kMc{G, ho) into the moduli space of the polar- 
ized Abelian varieties in terms of the above eigenspace decomposition. Since 
V(^), are unitary, the differential map d factors over 

Since the Higgs field preserves the eigenspace decomposition 

® ® ® E^'\f)), 

and d factors further through the diagonal map 

d : T,Me(G,.o) E^'%e)' ® E''\e) © E'''{e)' ® E'^e) 

- (E^'^e)'' ® E'''\e)f\ 

The generical injectivity of d implies that the Kodaira-Spencer map on the 
each copy 

Oi,o:T,MciGM)^E''\e)"^E''\e) 
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also is inject ive. Hence, 

2 < dimUMc(G, ho)) < rank(Ei'°(e^)'' ® E°'\f)) = 2. 

□ 

Corollary 8.4. Let S' be the set of s E S such that gi^{s) has complex mul- 
tiplication. Then S' is dense in S . 

Proof. By (dH], Section 2, 0, 5.1 and 5.2) the set of CM points in kMc{G, ho) 
is dense. □ 

Consider now the second and third iterated 5-fold coverings g2 '■ Z2 ^ S and 
: ^ S. Replacing S by an etale covering, we may assume that F : X ^ S 
consists of 5 disjoint sections, hence /*Qa:'(— 1) is constant, and concentrated 
in bidegree (1, 1). Proposition 17.41 imphes that one has a decomposition 

d-l 

R^g2Mz, © W ~ Q{R'glMz,)^ ® H\T.a, Q^J^-^ © W, 
1 

with W and W constant and concentrated in degree (1,1). In particular, 
R^g2*Q.Z2 is a sub-variation of Q-Hodge structures of 

i?V*Q2i©^'(Sd,QEj©w. 

Applying [73] a second time, one finds 

d-l d-l 

R'^gs^Qzs ^ ^iR'g2*Qz,)^(^H\^a,Q^,)d-^(B^R'guQz,hl), 
1 

and -R^ 5^3*0^3 is a sub-variation of Q-Hodge structures in 

R'guQz, © H\^d, QsJ © H\j:d, QeJ © w ® H\^d, QeJ 

d-l 

©0i?V*Q2i(-i)- 

Corollary 8.5. The set S of points s E S for which g2^{s) and g^^{s) both 
have complex multiplication is dense in S . 

Proof. Choose in 18.41 a point s E S' such that Fi = gi^{s) has complex multi- 
plication. 

Claim 8.6. Fi x S5,, Fi x S5 x S5 and W ® /f^(S5,Qs5) have all complex 
multiplication. 

Proof. It is well known that the Jacobian of every Fermat curve is of CM type 
(apply for example the results in [19j). Hence the first and the second part of 
18.61 follows from 18. ll d), whereas the last one follows from 18. ll c) and d). □ 

Writing F3 = g^^{s) one has inclusions of polarized Q-Hodge structures 

H\F2, Qf,) C H\Fi, Qf,) ® H\E,, Q^s) 

and 

H\Fs, Qf,) C H\F,, Qf,) © H\E,, QsJ © H^E^, Qss) 

© H\j:,, QeJ ® W © H\Fi, QfJ(-I). 
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By Lemma (8. H a), b) and d), and by Claim IS^ 

Hg(/7i(Fi,Q^J®iJi(S5,QEj) 

and 

H\j:,, QsJ ® W © H\Fi, QfJ(-I)) 

are both commutative. 

By Deligne j7j, a polarized Q- Hodge structure is semi simple. Hence, the 
above inclusions of Hodge structures induce direct sum decompositions of po- 
larized Q- Hodge structures. By the second part of Lemma IHTT| a), one has 
surjective homomorphisms 

and 

Rg{H\F,, Q^J © H\J:,, Qs,) ® H\^,, QsJ) x Hg(ifi(S5, Qe,) © W) x 

Hg(//i(Fi,QpJ(-l)) — > Hg(/73(ir3,Q^j) 

Since the groups on the left hand sides are commutative, the groups on the 
right hand sides are commutative, as well. □ 

Proof of Theorem \U.4\ Up to now, we only constructed a two-dimensional sub- 
scheme of M5^4 with a dense set of CM-points. To get the second copy of Ms^i 
we applyinm There we constructed a generically finite morphism SxS ^ ^5,4 
which is induced by a family g' : Z' —>■ S x S . Let us assume again, that S is a 
curve with complex multiplication, corresponding to a point s G 5*. Restricting 
g' to S X {s} one obtains a family gg : —>■ S satisfying the assumptions made 
in Section [7| (for Zi instead of X). By Proposition 17.41 one finds an inclusion 

4 

The set of points in s' G 5 = 5 x {s} where both, H^{F2, QfJ and H^{Fi, Q^J 
have complex multiplication, is dense, and repeating the argument used to 
prove IH7S1 one obtains that the CM— points are dense in the image of S* x S* in 

M5,4. 

The map S x S M5 4 is rigid. Otherwise one would get an extension 

g' -.Z' — >S xS xT, 

such that dimT > 1 and the induced map S x S x T M5 4 is generically 
finite. Hence, by Proposition 3.1 dimS" = dimT = 1, a contradiction. □ 

Remark 8.7. The construction in this Section is related to the one in il2]. 
There it is shown that, starting from a universal family f : X —>■ S for A^5,i 
and the corresponding second iterated 5-fold covering g^ : Z^ —>■ S, one obtains 
variations of Hodge structures M^(73*Q23 which provide a uniformization of 
M5 4 as a two-dimensional ball quotient. 

Let Vi be the variation of Q-Hodge structures of the 5-fold covering gi : 
Zi S. By [9J Vi is the direct sum of two unitary local systems and of two non- 
unitary local systems, dual to each other. Moreover, by adding stable points 
Deligne and Mostow have defined a partial compactification (M5 i)^^ D M5 1 
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(see jni, page 25 and Section 4), such that each of the two non-unitary local 
systems induces a uniformization of (M5 i)^^ as a two dimensional ball quotient. 

In Corollary 18 . 41 the variation of Q- Hodge structures V3, given by the family 
(73 : ^3 — s> S* is a direct factor of 

Vi ® h\j:5, Qf^ © w ® if^(S5, Q) © vf . 

This implies that every C-irreducible non unitary direct factor of V3 provides 
a uniformization of (M5 i)st as a ball quotient. 

Remark that the family {g' : Z' ^ S x S) E A^5,4(S' x S) considered at the 
end of the proof of IU.4I gives the product of two 2-dimensional ball quotients 
in a partial compactification of M5 4. 
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